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Abstract 

We provide two new constructions of Markov chains which had pre- 
viously arisen from the representation theory of U(oo). The first con- 
struction uses the combinatorial rule for the Littlewood-Richardson co- 
efficients, which arise from tensor products of irreducible representations 
of the unitary group. The second arises from a quantum random walk on 
the von Neumann algebra of U(n), which is then restricted to the center. 
Additionally, the restriction to a maximal torus can be expressed in terms 
of weight multiplicities, explaining the presence of tensor products. 

1 Introduction 

In [3j , the authors introduce a family of Markov chains on the Gelfand- 
Tsetlin set GT. This is the set of infinite sequences A' 1 ' -< A' 2 ' -<..., 
where A' fc ' = (-^i > ■ • ■ > ^fc*') i s a fc — tuple of nonincreasing integers 
and A -< fi denotes the condition /Ui > Ai > fJ.2 > A2 > . . . /U n > A n . By 
considering the map 

A (1) -< A (2) -< . . . t— > {(Af ) - i, k)}i<i< k <oo C Z x Z+, 

these Markov chains define an interacting particle system on Z x Z+. 
Drawing lozenges around each particle yields a random tiling of the half 
plane. Furthermore, the condition A' fc ' -< A*-*" 1 " 1 - 1 ensures that there is 
a natural interpretation as a randomly growing stepped surface. This 
random growth belongs to the 2 + 1 anisotropic KPZ class of stochastic 
growth models. This universality class is a variant of the KPZ universality 
class, which has seen many results in recent years (see [7] for a survey). By 
considering suitable projections, the Markov chains also reduce to TASEP, 
PushASEP (introduced in |4]) , and the Charlier process from [12] . 

The Gelfand-Tsetlin set parametrises the branching of irreducible rep- 
resentations of the unitary group. Additionally, the family of Markov 
chains can be constructed from the representation theory of the infinite- 
dimensional unitary group U(oo) [6]. Tools from representation theory 
have yielded a rich variety of two-dimensional dynamics (e.g. [5] 114]). 
One of the most general processes arising from representation theory are 
Macdonald processes [5]. 



In this paper, we hope to deepen the connections between proba- 
bility theory and representation theory. To this end, we give two new 
representation-theoretic constructions for these Markov chains. The first 
involves the Littlewood-Richardson rule for decomposing tensor products 
of irreducible representations of U(n). The second involves a quantum 
random walk on the von Neumann algebra of U(n), which is then re- 
stricted to the center. These constructions have the advantage of not re- 
quiring infinite-dimensional representation theory and are therefore more 
generalisable to other simple Lie groups. 

The structure of the paper is as follows. In section [2] we review the 
representation theory of U(n) and introduce the Markov chains from [3]. 
In section|3j we provide a construction the combinatorial description of the 
Littlewood-Richardson coefficients. In section|4j we provide another con- 
struction, this time using a quantum random walk on the von Neumann 
algebra of U(n). This will also give a representation theoretic explanation 
(i.e. using tensor products of representations instead of combinatorics) 
for the occurence of the Littlewood-Richardson coefficients. 



2 Markov chains 
2.1 Background 

Before defining the Markov chains, let us review some background on the 
unitary groups. Let U(n) denote the compact group of n x n unitary 
matrices. Occasionally, to clean up notation, G will also refer to U(n). 
Let T™ C U(n) be the subgroup of diagonal unitary matrices, which is a 
maximal torus of U(n). With respect to this maximal torus, the weight 
lattice of U(n) is easy to describe. The Lie algebra of T™, denoted LT n , 
consists of imaginary diagonal matrices. The weight lattice P C (LT™)* 
is the n-dimensional lattice generated by the elements ei , . . . , e n , where 
£j ;(diag(iti , . . . ,u„)) = Uj/(2m). Each Am + . . . + X n e n , \j € Z defines a 
character of T" by sending (zi, . . . , z„) to z* 1 ■ ■ ■ z^ n . In this way, there is 
an isomorphism e : P -»• For x G P and 9eT™, write x(6) = e(x)(8). 
Note that with this notation, x(O)y(0) = (x + y){0). 

The roots of U(n) with respect to T n are a — ej, 1 < i 7^ j < n. The 
Weyl group is generated by the reflections with respect to the roots. It 
is isomorphic to the group S n acting on {ei, . . . , e n }, where the reflection 
with respect to e, — ej is the transposition (ej ej). The Weyl chamber is 
thus W := {Aid : Ai > ... > A n ,Aj 6 Z}. 

Recall that any irreducible representation of any compact, connected, 
simple Lie group is generated by a highest weight vector, which must lie 
in the Weyl chamber. Conversely, any weight in the Weyl chamber gener- 
ates an irreducible representation by sucessively applying negative roots. 
Therefore the irreducible unitary representations of U (n) is parameterised 
by W„. 

Let m^m^ 2 . . . denote the sequence (mi, . . . , m^mj, . . . , m2, • • ■)• For 

ni 7T2 

A, /1 G Wn, let A -< fJ, denote the condition [ii > Ai > fj,2 > A2 > . . . [i n > 
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For each A £ W n , let tt\ : U(n) — > GL{V\),x\ and dim A denote the 
corresponding representation, character and dimension. Let xa denote 
the normalized character XA/dimA. Recall that the conjugacy class of a 
matrix in U (n) is given by its eigenvalues. Therefore, \ x is a function of 
= (#1, . . . ,8 n ). Explicitly, \ x is just the Schur polynomial s\. Useful 
formulae are 

xx {e,, . . . , e n ) = sx(0i,. . . A) = ^fr-V 11 -'"-" - (!) 

det[^ J Ji< ! ,j<„ 

and 

xx(ei,...,e n ) = sx(ei,...,en) = det[hx i -i+ j m, (2) 

where hk is the fc-th complete homogeneous symmetric polynomial: 
h k {6)= Yl 0ii"A- 

1 <il < • ■ ■ <ifc <ro 

Equation |2| is called the first Giambelli formula. The elementary homo- 
geneous symmetric polynomial et will also appear: 

Kil<"-<ifc<Ji 



Observe that 



' ht , when A = fcO" 



det[^ J+n j ]!<ij< n = <! 



e fe , when A = l k n ~ k 

ftjk^r 1 .---.^ 1 ). when A = O n - 1 (-fc) 

e^ 1 ...e- 1 e n ^ k = e k (e^ 1 ,...,e- 1 ), when A = 0"- fc (-l) fc 



The third formula follows from the first Giambelli formula. A formula for 
the dimension is 

dimA = TT A '^~ (Aj ~ j) , 

i<j J 

which extends formally to dim : P — > R. 

Let L 2 (G,dg) G denote the square-integrable class functions on G. By 
the Peter-Weyl theorem, {xa}a6W„ is an orthonormal basis for L 2 (G, dg) a . 
For any k 6 L 2 (G,dg) G and any A £ W n , let /?(A) be the Fourier coeffi- 
cient 

k(A) = / n{g)x~\{g)dg, 

JG 

so that 

*Gd = E «(*)xaG0- (3) 

Aew„ 



Formally, this means that J^asw Xa(5 , )xa(s') is the Dirac delta function 

Vv- 

Restricting the highest weight representation Va to T n yields a decom- 
position into one-dimensional subspaces 

Vx = 0E^ n>C * ) , (4) 

i6P 
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where 

U x = {v G Vx ■ ■ v = x{0)v for all G TT} 

and n\(x) are non-negative integers. In terms of characters, this means 
that 

Xa(0) = 5>a(x)*(0). 

16P 

For k G L 2 (G,C)° , define n K (a;) by linear extension, i.e. 



2.2 Markov chains 

Now review the Markov chains from [3J . Let 9i , ■ ■ . , 6 n be fixed nonzero 
complex numbers, and let F be an analytic function in an annulus A 
which contains all the aj 1 such that each F(aJ 1 ) is nonzero. Given such 
an F, define 

^■■=hf^A d ^ (5) 

where the integral is taken over any positively oriented simple loop in A. 
Section 2.3 of [3J defines matrices T n with rows and columns parameterised 
by W„: 

T n (0;F)(\,u) := 



b„(0) det^+j-zn-i)]? 



sx(0) une; 1 ) 

Proposition 2.1. There is the commuting relation T n (0; F\)T n {0; F2) = 
T n (0; F 1 F 2 ). For = (1,1,..., I), T n (0; F) is a stochastic matrix. 

Proof. Proposition 2.10 of [3J gives the commuting relation. Proposition 
2.8 of [3j gives the stochastic matrix result. □ 

Let us now describe the functions F to be considered. Define the 
functions 

F a+ Jz) = (l-qz)-\ F a - >q (z) = {l-qz- 1 )-\ l>g>0 
F l3+iP {z) = l+pz, F g - tP (z) = l+pz- 1 , 1> P >0. 
F 1+tt {z) = e t \ F 7 - it (^) = e te " 1 , t > 0. 

Lemma 2.2. For these functions, 

T n {0; Fp- p )(X, /j,) = P* gjiM, i/ eacft Mj - A, G {0, 1} and - A,) = fc, 

0, otherwise. 



T n {0\ Fp+ p )(\, /i) = jP- fgW if each ^-Xj e {-1,0} and - A 3 ) = -fc, 

11 J sa(,wj 



0, otherwise. 
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Tn(0;F a - tq )(\,ri = g ^fj , ifX^^and X>i-A;) = fe, 



0, otherwise. 



n^)'»(«) 



if fi ~< X and S — A 3 ) = — fc, 



0, otherwise. 



Proof. These are Lemmas 2.12 and 2.13 from [3]. 



□ 



Use the variable £ to denote one of the symbols a ± ,/3 ± ,7 ± . For £ = 
/3 and £ = 7 , the process with transition probabilities T n (l,F^) are 
respecitvely the Krawtchouk and Charlier processes from [12]. These can 
be described respecitvely as the Doob /i-transform (where h{X) = dim A) 
of n independent Bernoulli walks and n independent exponential random 
walks of rate 1. 

There is a general construction for building multivariate Markov chains 
out of {T n : n — 1,2,3,...}. This construction requires a intertwining 
relation between the transition probabilities (see section 2 of [3])- It is 
still an open problem to find a representation-theoretic interpretation of 
the commutation relation. 

Let F n (0;F)(n) = T„(9; F)(0, /x). From Lemma 



2.2 



we see that for 

F — F a ±,Fp±, these are geometric random variables weighted by the di- 
mension of the representation. The construction then proceeds as follows. 
First, for F = F a ± or F p ±, construct T n (F) out of ¥„(F) (Lemmas [3~2 

lat 
4~4j 

and |4.5| below) 



and 4.3 below). Second, we show that there is a commuting relation t 
is analagous to the one in Proposition |2 . 1 1 (Proposition |3 . 3| and Lemma 
below). Finally, use a continuity argument (Lemmas 
to give F ± . 



3.5 



3 Littlewood— Richardson Coefficients 

Let us briefly recall the Littlewood-Richardson coefficients. For any two 
paritions A, r such that Xj < Tj for each j, the skew diagram of r\A is the 
set-theoretic difference of the Young diagrams of A and r. A skew Tableau 
of shape r\A and weight fi is obtained by filling in the skew diagram of 
r\A with positive integers such that the integer k appears \ik times. A 
skew Tableau is semistandard if it the entries weakly increase along each 
row and strictly increase down each column. A Littlewood-Richardson 
tableau is a semistandard skew Tableau with the additional property that 
in the sequence obtained by concatenating the reversed rows, every initial 
part of the sequence contains any number k at least as often as it contains 
k + 1. See figure [T] for an example. 

In the special case n = fcO n_1 , the Littlewood-Richardson rule is 
known as Pieri's formula. In this case, the semistandard skew Tableau 
can only be filled with l's, so the condition on the concatenated sequence 
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Figure 1: For r = (4, 3, 2), A = (2, 1, 0) and fi = (3, 2, 1), here is a Littlewood- 
Richardson tableau of shape r\A and weight fj,. The sequence obtained by 
concatenating the reversed rows is 112132. 







1 


1 




1 


2 




2 


3 







is automatically satisfied. The only requirement is that the skew diagram 
of r\A does not contain two boxes in the same column. In other words, 

, ,1, if A -< t and ^fa - Aj) = k, 

when /j = fcO , c A = < „ , (6) 
1 0, else. 

We also need the special case = l k n ~ k . The integers appearing in 
the semistandard skew Tableau are {1,2,..., k}, so the condition on the 
concatenated sequence can only hold if the skew diagram of r\A does not 
contain two boxes in the same row. In other words, 

, ,fc n n-fc T jl, if - A 3 - 6 {0,1} and - Aj) = fc, 

when /i = 10 , c X)1 = < 

10, else. 

(7) 

The Littlewood-Richardson coefficients are related to representation 
theory by the decomposition 



Vx®V»= C^Vr. 



t€GT„ 

Since the character of V\ is the Schur polynomial s\ it is equivalent to 

say 

s \ s fi = c Afl s T . 

rGW„ 

Also define the coefficients c A(TM by 

S\S a Si, = ^ ^ c Acrty s T . 
t6W„ 

It follows immediately that 

ET fl T 

m£W„ 

In [8] , the author considers a discrete-time particle system which arises 
from Pieri's formula for the orthogonal groups. In |13| . it is proven 
that this discrete-time particle system also arises from representations 
of O(oo). Thus, the next theorem is a generalization in the unitary group 
case. 
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Theorem 3.1. For F = F$, 

Pn(e, F){n)c\, = r n (o, f){\, t). (8) 

Proof. Let C be the set of all functions F : ^4 — > C such that (JsJ) holds. 
Lemma 3.2. TTie functions F — F a ± , Fp± are in C. 
Proof. Start with 1 + pz' 1 . By lemma : 



2.2 



ie (Q) 2 u = 1 knn-k 

M 'nnej^y " ' (9 ) 
0, else. 

Thus it suffices to consider at the the value of c Afl when /i = l fe n_; \ By 
using Pieri's formula (J6j) and another application of lemma 2.2 F fj + G C. 
Now let consider 1 + pz. Since /(m) = /(— m), 

I 0, else. 
Since = c^ iA , then for /Lt = n - fc (-l) fc , 



c Xn — 



1, if each — Aj £ { — 1,0} and XX r j — ^j) 
0, else. 



Therefore, by lemma 2.2 Fg- G C 



Now consider the 



function F(z) = (1 — qz 1 ) 1 By lemma 



2.2 



\sJff) 2 r-, U^fcO™" 1 , 

I 0, else. 

By Q and lemma [2~2] F a+ G C. 

Finally let = (1 - qz)' 1 . Then 

I 0, else. 

Using the identity 

= (e 1 ...e n )- Al s (Al _ A „,..., Al _ A2 , 0) (6»), 
we get for n = n_1 (-fe) 

•(A,-*. ^-wW'm-i(«) = (fc-.-ftO^CO-^* -1 ) 

= (fc...0 B ) Al $>WO 

T 

— ^M^ 1 ' • ' ^") Al T1s (ti-t j1 ,...,t 1 -t 2 ,0)(^) 

r 

= ^ Cy s ( Ai -m , . . ■ , Ai — ri ) (#) : 
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. 1, 

' ^ '0, 
Equivalently, 



if (Ai 
else. 



,Ai - A 2 ,0) ~< (Ai - 



if t -< A and XX 1 ":? — Aj) 
else. 



• , Ai - ri) and X(-r 3 + Xj) = k, 



Therefore, by lemma [272| F a - e C 



□ 

Proposition 3.3. If Fi,F 2 G C, i/ien F X F 2 G C. 
Proof. We start with a lemma. 

Lemma 3.4. Suppose Prx, Pry, Prz are complex valued measures on the 
countable sets X,Y,Z. Suppose Pr/ is a complex valued measure on Y x 
with total weight 1, (one should think of f : X — > Y as a random map). 
Suppose h : X — > Z and g : Y — > Z are deterministic maps such that 
h — go f almost surely. If h t Prx = Prz and /„ Prx = Pry ( in the sense 
that Pry(B) = Y. xe x Prx(s) Pr/(/(x) G B)), then g* Pry = Pr z . 

Proof. Since h = g o /, then for a fixed x G X and E C Z, 

1, x£h~ x E, 



Pr f (f(x)eg- 1 E) 



0, x^h' x E. 



Thus 



Pr z (£) = Pr x (ft- 1 S) = £ Pr x (x)Pr f lf(x) G fT^) = Pry^" 1 *?), 



i.e. Pry = Pr^ 



□ 



Fix A and r. To apply the lemma, use the following commutative 
diagram: 



f 



>v 



w 1 



{0} 



defined by 
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Every map is projection except for /, which is defined by 



0, ifcL, =0 

Let /i : W 3 — > {0} be the composition along the bottom row of the 
diagram. Define the measures Prx on W%, Pry on Wjv and Pr z on {0} 
by 



s T {e) 



T'„(0;Fi)(A,7)P„(0; F 2 )(z/)c^- 



Pr y ( M )=P n (0; J F 1 F 2 )( /i )cI 

Pr z ({0}) =T n (6>;F 1 F 2 )(A,r). 
In this formulation, the proposition states that g* Pry = Prz for all A G 
Wjv. Thus the proposition follows if the conditions of the lemma hold. 

First, it is immediate from the definitions that the weights of / sum 
to 1 and that h — g o / almost surely. 

Second, we need to check that h, Prx — Prz- Since F\ £ C, the first 
projection sends Prx to 

Sr{9) 

's 7 (6>)s,(6>)' 
Since F 2 € C, the second projection sends this to 

T n (0;Fi)(A,7)T„(0;F 2 )(7,T). 

Since T n (0; Fi)T„(0; F 2 ) = T n (0; F 1 F 2 ), the third projection sends this to 
T n (0;F 1 F 2 )(X,r) = Pr z , as needed. 

Finally, we need to check that /* Prx = Pry. By definition, 

By summing over 7, 

/»Prx(M)= E Pn(g;Fi)(a)cI ( J T f2 ,M 0; F 2 )(uf-^ 

„,JTw n S X (0)s lT (0)s l ,(0) C Xav 

Now look at Pr Y (p). Since F 2 G C, 

F n {0;F 1 F 2 ){ fJ ,) = E M0;^i)(^n(0;F 2 )(<7,AO 
o-ew„ 

= E E Pn(fl;F 2 )(»/)cg ^\ y 

Thus, 

Pr Y (p)= E Pn(e;Fi)WP n (g;F 2 )He^cI M — 

CT ,^v„ sa(0)s ct (0K(0) 

so Pry = /* Prx, as needed. This proves the proposition. □ 
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Lemma 3.5. If {Fk} is a sequence of functions in C which converges to 
F uniformly in A, then F G C. 

Proof. It is immediate that {fk} converges to / uniformly. Since the de- 
terminant is a continuous function of its entries, T n (9; Fk)(X, r) converges 
to T„(0; F)(X, r). Since sum in the left-hand side of Q only has finitely 
many terms, convergence must hold as well. □ 

Finally, since e x = Mmk^aoil + x/k) k = limj s _ ! . 00 (l — x/k)~ k , Lemma 
|3.2| Proposition |3 . 3| and Lemma |3.5| prove Theorem |3.1| □ 

4 Quantum Random Walk 

Let us introduce some notation, which will folllow [T] closely. 

Let G be a compact topological group, let dg denote its Haar measure 
(normalized to have total weight 1), and let H = L 2 (G, dg) be the Hilbert 
space of square-integrable functions. Let a denote the representation of G 
on H by left translation. In other words, for / £ B(H) a unitary operator 
on H, the map a : G — > B(H) is defined by [a(g)(f)](x) — f(xg). The von 
Neumann algebra of G, denoted vN(G), is the closure (under the strong 
operator topology) of the *-subalgebra of B(H) generated by a(G). 

Let k be a continuous, positive type function on G which sends the 
identity to 1. This defines a state if on vN(G) by ip(ct(g)) — n(g), and 
also defines a completely positive map on vN(G) by Q(a(g)) = n(g)a(g). 

Since vN(G) is a unital C*-algebra, we can define the infinite tensor 
product uTV(G) 8100 , which is also a C*-algebra. Let tp® 00 be the state on 
vN(G)®°° defined by y>®°° (n <g> x 2 <g> • • • ) = ipix^ipfa) . . .. The Gelfand- 
Naimark-Segal construction produces a von Neumann algebra W. For 
nonnegative integers n, define j n : vN(G) -> W by jo(ct(g)) = Idw- an d 
jn{oi{g)) = a{g)® n ® Id® Id® • • • . The j n form what is called a "non- 
commutative Markov process". There is a projection map E n from W to 
W n , the von Neumann subalgebra generated by the images of jo,. . . ,j„. 
For n < m, there is the Markov property E n o j m = j n o Q m ~™. One could 
think of these objects with the following analogy: 



Classical 


State Space S 


(Q,T) 


(n,j- n ) 


X n : Q, ->• S 


E(-|J-„) 


E 


Quantum 


vN(G) 


W 


w„ 




£«(•) 


if® 00 



4.1 Restriction to Center 

Let Z(vN(G)) be the center of vN(G). The Peter-Weyl theorem gives an 
isomorphism \ '■ Z(vN(G)) — > L°°(G), where G is the set of equivalence 
classes of irreducible representations of G. If k, is constant on conjugacy 
classes, then Q sends Z(vN(G)) to itself. Because it is completely positive, 
the map X ° Q ° X _1 defines a transition matrix for a (classical) Markov 
chain with state space G. By a slight abuse of notation, let Q n (hi){x,y) 
denote the transition probabilities. 
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Now let G = U(ri). Define kf ■ U(n) — ¥ C to be the class function 
defined by 



n F {0) = n 



3 i m) 

Here, — (9i, . . . , n ) are the eigenvalues of the unitary matrix on which 
kf is applied. If F = F(, write = ftp. . 

Here is some useful information about Q n («): 

Proposition 4.1. For any k £ L 2 (G,dg) G , 

QnW(A, M ) = ^/ Xx^xM^dg. (10) 



C/(n) 



2. T/ie map Q n : BC{G,C)° ~> Mat(W n x W n ) /rom complex- 
valued bounded continuous class functions on G to matrices with rows 
and columns indexed by W n is a morphism of — algebras. 

Proof. 1. This is Theorem 3.2 from [2]. Although the result there is only 
stated for certain «, by following the proof one sees that it holds more 
generally. 

2. The fact that Q n preserves linearity and * follows immediately from 
(10 1. By applying j3j to ( 10 1 , it is immediate that multiplication is also 



preserved. Another way to see this is to use the quantum random walk: 
let Qi,Q2, and Q12 be the maps vN(G) — ¥ vN(G) defined by sending 
a(g) to K 1 (g)a(g), K 2 (g)a(g) and K 2 {g)K 1 {g)a(g) respectively. By con- 
struction, Q„(ki), Q,i(k2), and Q ra (/ti/«2) are the respective restrictions 
to Z(vN(G)). Since Qi o Q 2 = Q12, the result follows. 

□ 

Now specialize to K5. 
Theorem 4.2. For any symbol £, Q„(k^) = T n (l,F^). 

Proof. Start with: 



Lemma 4.3. Theorem 4-2 holds for £ — a ,fi 



Proof. By Weyl's integration formula and Q, equation implies 

Q n ( K )(X,n) = / det[^ +n - J ]det[^ + "" J ] K (e 1 , . . . , 9 n )d0i ■ ■ ■ d0 n . 

dim A n! J T „ 

Changing to complex analytic notation and using that the Haar measure 
d9 on T is dz/2niz implies 



•,2n) 



Z\ ■ ■ ■ Z n 

(11) 
Note that 

(12) 
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3=1 V q ' 3 = 1 



~ ^ (1- 



(1-9)- 



, , T-r 1 + P^' 
«/>-(*) = 11-3 



(13) 



fc=0 



+ P 



^ (1 



(1+p)" 



By expanding the determinant in (111 



Qn(«e)(A,/i) = 



dzi ■ ■ ■ dz> 



y sgn(V)s T( i) n+1 ■ ■ ■ z T ffij K ( (zi,...,Zr, 



Zl > 



(14) 



Observe that for any £, the only contributions to the integral come from 
the constant terms after expanding the product. 

First consider when £ = a + . Define the contribution from a and r to 

be 



Con(cr, r) 



sgn(cr)sgn(r), if each Xj - j < (j, T -i { ^ u)) - t VO')), 



0. 



else. 



so that by ( 12 1 



Q n (K a +)(X, fj,) 



dim /1 1 g 



E"=i Mi 



dim An! (1 — q) 



— E Con ( ,J ' r ) 



Proceed with three steps: 

I If /Hi < Ai for some 1 < i < n, then Con(cr, r) = for all a, r £ S„. 
II If /ii > A;_i for some 1 < i < n, then Q n (n)(X, u) = 0. 
Ill If A -< M, then i Con(a,r) = 1. 

For I, fix an i such that fn < Ai and suppose Con(<r, r) is nonzero for 
some a,r £ S n . If there is a j < i which satisfies r(a~ (J)) > i, then 
Aj — j < n Ta -i(j\ — T(j _1 (j) < — i, implying that /ii > Aj > Ai, which 
contradicts fit < Ai. Therefore rer -1 sends the set {1, 2, . . . , i — 1} to itself, 
so r(cr _1 (i)) > i. Thus Ai — i < u T(T -i( i) — ra _1 (i) < fJ,i — i, so Ai < Ui. 
Again, this is a contradiction. Therefore, the only possibility is that all 
Con(er, r) are zero. 

For II, supose that Q„(k)(A,/x) 7^ 0. Fix an i such that [m > Ai_i. 
I claim that for some j < i, there is no k such that fij — j < Xk — 
k < Hj-i — (j — 1). This is simply because there are i — 1 intervals 
(fij — j, (Mj-i — (j — 1)], but only i — 2 numbers Xk — k that can fit into 
these intervals, so at least one interval must be empty. The claim implies 
that the inequality Xk — k < fij — j holds if and only if the inequality 
Afc— k < fj,j-i — (j—l) holds. Therefore Con(cr, r)+Con(a, (j j— 1)-t) = 0, 
so the sum £] CT Con(cr, r) is zero. 
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For III, suppose that Con(u, r) 7^ 0. Then, using that A -< /x, a 
strong induction argument on j implies that T~ 1 a(j) = j for all j. In 
other words, Con(u, r) 7^ implies that a — r. Since the converse is 
immediate, the sum J^ CT T Con(cr, r) simplifies to J] CT g g?i Con(a, a), which 
equals \S n \ = n\. 

Together, I, II and III imply that 

q^i=i^- x > dimu 

Qn{K a +)(X, H) = {1 _ q) _ n 

which is just T n (l, F a +). 

Now move on to £ = /3 + . Define the contribution from a and r to be 

Con '( a r ) = | S g n ( CT ) S g n (' r ). if each A J - 3 - (Pra-^U) - TV^ti)) G {0, 

1 0, else, 

so that 

Q„(« g+ )(A,A«) = ' X)Con'( g ,r). 

(T,T 

Again we prove three steps: 

1. If Hi < \i for some 1 < i < n, then Con'(a, r) = for all u, r G £„. 

2. If fa — \ £ {0, 1} for some 1 < i < n, then Q„(k)(X, fi) = 0. 

3. If all Hi — \i are or 1, then ^ T Con' (a, r) = 1. 

For 1, notice that Con(a, r) = implies that Con'(cr, r) = 0, and I 
above shows that Con(cr, r) is always 0. 

For 2, we already know that Q„(k)(A, p) = if some fii < Ai, so we can 
assume that all /i; > Ai. Now fix some j such that > 2, and suppose 

Con'(<r, r) / 0. Then t<t _1 (.j) < j would imply fXra^U) ~ T(T ~ 1 (j) > 
fij — j, which implies that Xj — j — (/t r(r -iy) — < Aj — fXj < —2, 

which contradicts Con'(a, r) / 0. So rcr _1 (j) > j. Thus there must be 
some i > j such that rcr _1 (i) < j (or else ra^ 1 would map {j, . . . ,n} 
to {j + 1, . . . ,n}). This implies that Xi — i < Xj — j < /j,j — j — 2 < 
A*TCT- 1 (i) — — 2, which again contradicts Con' (<r, r) / 0. Thus, 

Con'(cr, r) must always be zero. 

For 3, suppose that Con' (<t,t) / with a / r, and let j be the 
smallest integer such that a(j) =fc r(j). Then rcr _1 (j) > j and there is 
some i > j such that rcr _1 (i) = j. This implies that Aj — i < Xj — j < 
Vra-Hj) _ rfT_1 0) < W - J = Mr«7-i(,) - tct -1 ^), which implies that 
Ai — i — (// TCT -i(i) — ra _1 (i)) < —2, which is a contradiction. Therefore 
Con'(cr, t) — 1 exactly when r = a, and the result follows. 

For the a~ case, it is almost identical to the a + case. 

Now move on to the /3~ case. Since 

efcfz -1 ) = z^ 1 . . . z~ 1 e„-k{z), 

if each Xj - j - (n Ta -i u) - ro- _1 (j)) G {0, 
else, 



the contribution is now 
Con" (a, r) 



sgn(a)sgn(r), 
0, 
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and 

Q nM{X ,n) = — - ^Con (a,r). 

cr.T 

From here, the proof is the essentially indentical as the /3 + case, except 
with negative signs inserted and inequalities reversed. □ 

Lemma 4.4. If Theorem \4-S\ holds for two functions Fi and F2, then it 
holds for F1F2. 

Proof. This follows from Proposition |4.1| □ 



Lemma 4.5. If Theorem \4-S\ holds for a sequence of functions Fk which 
converge uniformly to a function F on A, then the theorem also holds for 
F. 

Proof. With fk defined as in QSh, it is immediate that fk converges to 
/ uniformly. Since the determinant is a continuous function of its en- 
tries, T„(l;F fe )(A,/x) converges to T„(l; F)(A, fi). By (n), Q„(kfJ(A,/x) 
converges to Q„(kf)(A, /x) as well. □ 

Finally, since e x = limfc^ 00 (l + x/k) k — lim; c ^ 00 (l — x/k)~ h , Lemmas 
[4~3l [474] and PD>] finish the proof of Theorem [O □ 



Let us also prove a statement similar to Theorem |3.1| 
Proposition 4.6. For k G L 2 (G,C)°, 

E Q4^)(0,M)^ dim d ; m dnll = Q n («)(A,r) 

|i6W„ r 



Proof. By linearity, it suffices to prove the result when k = x^. By ( 10 1, 
dim A dim ^ dim A J u(n) 



dimr T 
dimA CA ^ 



On the other side, 



?«(x/s)(a,t) = / x\(g)xr(g)xf)(g)dg 



dim A 
dimr 
dim A 



(7(n) 



/ Xr(g) E c a/3 • Xn.(g)dg 

JU(n) M g Wi 



dimr T 
dim A 



□ 
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4.2 Restriction to Maximal Torus 



The purpose of this subsection is to demonstrate that there is a natural 
representation theoretic reason for the occurence of tensor products in 
the transition probabilities. To see this, we will consider the restriction of 
the quantum random walk to the von Neumann algebra of the maximal 
torus. This is a natural restriction to consider: in [12; , it is shown that the 
Krawtchouk and Charlier processes and Doob /i-transforms of Bernoulli 
and exponential random walks; while in [2,, it is shown that representa- 
tions whose highest weight is miniscule, the restriction of the quantum 
random walk to the center is the Doob /i-transform of the restriction to 
the maximal torus. 

Let T be the subalgebra of vN(G) generated by {a(8) : 9 G TP}. 
Since every element of G is conjugate to exactly one element of T n , we 
can decompose the Haar measure on G as a measure on T n x TP\G. Thus 
L 2 (G,dg) L 2 (TP,d<9) ® L 2 (T n \G), where dO is Haar measure on TP. 
With this isomorphism, a(9) acts as the identity element on L 2 (T n \G). 
Therefore T is isomorphic to the group von Neumann algebra of TP . 

Since the character group of TP is isomorphic to P, there is an isomor- 
phism of W*-algebras ( : T -> L°°(P) such that ((a(9)) sends x G P to 
e(x)(6). Since Q sends T to itself, the map (oQo £ _1 defines a classical 
Markov chain with state space P. Identity P with Z™ naturally, and write 
P n {n){x, y) , x , y G Z™ for the transition matrix of this Markov chain. 

Proposition 4.7. 1. For any k G L 2 (G,C) G , 

P n (K)(x,y) =n K (y-x) (15) 

Furthermore, for any a in the Weyl group, P n (n)(x,y) — P n (n)(ax, ay) . 

2. The map P„ : BC(G,C)° -> Mat(P x P) is a morphism of *- 
algebras. 

Proof. 1. By Proposition 3.1 in [T], 



Pn(K){x,y)= e(x){O)e{y){9) K (9)d0, (16) 
which implies that 

P» («)(*,¥)= / e(j/-z)(0) J2 *Wxx(0)d9 

= f e(y~x)(9) Y, K(X)^2nx{z)-e{z)(0)d0 

T " A6W„ zGP 

= f e(y - x)(6) ■ e(y - x)(0) ^ Js(A)n A (y - x)dB 

T " A6W„ 

= Y K(X)nx(y -x) =n K (y -x). 
Aew„ 

Furthermore, since the weight multiplicities are invariant under the action 
of the Weyl group, it follows that the transition probabilities are invariant 
under the Weyl group. 
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2. The fact that P n is linear and preserves * follows from (161. Since 
~^2 zeP e(z)(6)e(z)(6') is the Dirac delta 8 ge >-i, it follows that from (161 
multiplication is also preserved. This can also be seen from the construc- 
tion of the quantum random walk, as in the proof of Proposition |4 . 1 1 2 . 

There is also a proof which illuminates the occurence of tensor prod- 
ucts. To show that P„ preserves multiplication, by ( |15[ ) it suffices to show 
that the map n : BC(G,C) G — > B(P,C) defined by n(/t) = n K from 
bounded, continuous complex-valued class functions on G to bounded 
complex-valued functions on P is a morphism of '-algebras, where the 
multiplication in B(P, C) is usual convolution. By definition, n is linear, 
so it suffices to show that 



Letting W(n) denote the multiset of weight multiplicities (i.e. the number 
of times that x £ P appears in W(n) is n Xlr (x), which is the multiplicity 
of the weight x in the representation VW), this is equivalent to 

W(tY! ® 7T 2 ) = W(7Tl) + W(lV 2 ), 

where A + B denotes the usual addition of multisets, A + B — {a + b : 
a 6 A,b 6 B}. However, by Q, this follows immediately. □ 
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